Abstract. The purpose of this article is to study the deformations of smooth surfaces X of general type whose canonical map is a finite, degree 2 morphism onto a minimal rational surface or onto F 1 , embedded in projective space by a very ample complete linear series. Among other things, we prove that any deformation of the canonical morphism of such surfaces X is again a morphism of degree 2. A priori, this is not at all obvious, for the invariants (pg (X), c 2 1 (X)) of most of these surfaces lie on or above the Castelnuovo line; thus, in principle, a deformation of such X could have a birational canonical map. We also map the region of the geography of surfaces of general type corresponding to the invariants of the surfaces X and we compute the dimension of the irreducible moduli component containing [X]. In certain cases we exhibit some interesting moduli components parametrizing surfaces S whose canonical map has different behavior but whose invariants are the same as the invariants of X. One of the interests of the article is that we prove the results about moduli spaces employing crucially techniques on deformation of morphisms. The key point or our arguments is the use of a criterion that requires only infinitesimal, cohomological information of the canonical morphism of X. As a by-product, we also prove the non-existence of "canonically" embedded multiple structures on minimal rational surfaces and on F 1 .
Introduction
In this article we study the deformations of smooth surfaces X of general type whose canonical map is a finite, degree 2 morphism onto a minimal rational surface Y , embedded in projective space by a very ample complete linear series. Minimal rational surfaces are the projective plane and Hirzebruch surfaces F e with e = 1; then, for completeness' sake we will include canonical double covers of all Hirzebruch surfaces (also the non-minimal F 1 ) in our study.
Our main result is Theorem 1.7, in which we show that any deformation of the canonical morphism of most such surfaces X is again a morphism of degree 2. Thus in Section 1 we study how the deformations of the canonical morphism ϕ of X are. Since ϕ is by hypothesis finite and of degree 2 onto its image, any deformation of ϕ has to be also a finite morphism and either of degree 2 or of degree 1. A priori, it is not clear which of the two possibilities should happen. On the one hand, it is well-known (see [Hor76] ) that if ϕ is a double cover of a surface of minimal degree, any deformation of ϕ has again degree 2. Of course, there is a good reason for this to occur, namely, the invariants of a canonical double cover of a surface of minimal degree are below Castelnuovo's line c 2 1 = 3p g − 7 (recall that no surface below Castelnuovo's line can have a birational canonical map). On the other hand however, if Y is embedded by an arbitrary very ample complete linear series, there are many surfaces X whose invariants lie on or above Castelnuovo's line. Thus the existence of deformations of ϕ to degree 1 morphisms would be plausible in these cases (for instance, Examples 3.7 and 3.8 show the existence of surfaces of general type with very ample canonical divisors and having the same invariants as certain canonical double covers of minimal rational surfaces). Moreover, if we consider canonical double covers of non-minimal rational surfaces, there exist cases for which the canonical morphism can be deformed to a morphism of degree 1 (see [AK90, 4.5] and [GGP10, Theorem 3.14]). In this article we completely settle this matter when Y is P 2 or a Hirzebruch surface and the branch divisor of the canonical double cover is base-point-free. In Theorem 1.7 we show that any deformation of ϕ is again a degree 2 morphism. Theorem 1.7 can be rephrased in terms of the moduli space in the following way: the irreducible component containing [X] it its moduli space parametrizes surfaces whose canonical map is a finite, degree 2 morphism. Theorem 1.7 contrasts therefore with the results of [AK90, 4.5] and [GGP10, Theorem 3.14] mentioned above; instead, Theorem 1.7 generalizes the behavior of the deformations of canonical covers of surfaces of minimal degree mentioned earlier. This variety of behaviors shows how different and complicated the moduli spaces of surfaces of general type that are canonical double covers of arbitrarily embedded rational surfaces can be when compared with either the moduli of curves or, for that matter, the moduli of surfaces of general type that are canonical double covers of surfaces of minimal degree.
The key point for the proof of Theorem 1.7 is the vanishing of Hom(I /I 2 , ω Y (−1)), which we prove in Proposition 1.5. This vanishing can be interpreted as the non-existence, at an "infinitesimal" level, of deformations of ϕ to degree 1 morphisms. Thus Theorem 1.7 shows how infinitesimal properties translate into global statements such as the fact that the moduli component containing [X] parametrizes surfaces whose canonical map is a degree 2 morphism. On the other hand, finite morphisms that can be deformed to morphisms of degree 1 are linked to the existence of certain multiple structures embedded in projective space (see [Fon93] , [GP97] , [Gon06] and [GGP08] ). Thus, as a by-product of Proposition 1.5, in Section 2 we prove the non-existence of "canonically" embedded (i.e., such that the dualizing sheaf is the restriction of O P N (1)) multiple structures on P 2 and on Hirzebruch surfaces. In particular, this means that there do not exist canonically embedded double structures on smooth surfaces of minimal degree. This fact is interesting since there do exist double structures of other kinds on a surface of minimal degree (see [GP97] where the existence of double structures on rational normal scrolls with the invariants of a smooth K3 surface is shown).
Finite covers of rational surfaces have interesting implications for the geography and the moduli of surfaces of general type (see e.g. [Cat84] or [Hor76] ). In Section 3 we chart the region in the geography covered by the double covers X of Theorem 1.7. This is done in Propositions 3.1 and 3.2 and in Remark 3.4. The Chern quotient c2 of our surfaces approaches 1 2 ; on the other hand, our region is not contained but goes well inside the region above Castelnuovo's line. In the second part of Section 3 we explore the moduli space of [X] . First, in Proposition 3.6, we compute the dimension of the irreducible moduli component of [X] , which is 2d 2 +15d+19 if Y is P 2 embedded by |O P 2 (d)| and (2a+ 5)(2b − ae + 5)−7 if Y is F e embedded by an arbitrary very ample linear series |O Y (aC 0 + bf )|. Finally we go a bit further in studying the complexity of some of these moduli spaces. We find examples (see Examples 3.7 and 3.8) of moduli spaces having two kind of components: components parametrizing surfaces which can be canonically embedded and components parametrizing surfaces whose canonical map is a degree 2 morphism.
Canonical double covers of Hirzebruch surfaces and P

2
In this section we study how the canonical morphism of canonical double covers of P 2 and of Hirzebruch surfaces deforms. We introduce the notation that we will use in this section and in the remaining of the article:
1.1. Set-up and notation: Throughout this article we will use the following notation and will follow these conventions:
(1) We will work over an algebraically closed field k of characteristic 0.
(2) X and Y will be smooth, irreducible projective varieties. (3) i will denote a projective embedding i : Y ֒→ P N induced by a complete linear series on Y . In this case, I will denote the ideal sheaf of i(Y ) in P N . Likewise, we will often abridge i
. (4) π will denote a finite morphism π : X −→ Y of degree n ≥ 2; in this case, E will denote the trace-zero module of π (E is a vector bundle on Y of rank n − 1). (5) ϕ will denote a projective morphism ϕ : X −→ P N such that ϕ = i • π. (6) F e will denote the Hirzebruch surface whose minimal section C 0 has self-intersection C 2 0 = −e. We will denote by f the fiber of F e onto P 1 .
For the reader's convenience, we include here without a proof two results from [GGP10] (Theorem 2.6 and Lemma 3.9) that we will use throughout the article. To state the first one we need also Proposition 3.7 from [Gon06] . We assume the notation just stated but point out that Proposition 1.2 and Theorem 1.3 hold also for embeddings i induced by linear series non necessarily complete.
Proposition 1.2. There exists a homomorphism
that appears when taking cohomology on the commutative diagram [Gon06, (3.3.2)]. Since
the homomorphism Ψ has two components 
(1) If p g (S) = 0 and h 1 (O S (1)) = 0, then δ is injective; (2) if q(S) = 0 and S is embedded by a complete linear series, then δ is surjective.
As we have seen in [Gon06] , [GGP08] or [GGP10] , the study of the deformations of ϕ is linked to the space Hom(I /I 2 , E ). Since, as we will see later, if ϕ is a canonical double cover (and 
Then, applying Hom(−, ω Y (−1)) we get
(by pushing down to P 1 and because of (1.5.1)). Also Ext 
To the sequence (1.5.3) we apply the functor Hom(−, ω Y (−1)) to obtain the exact sequence
Dualizing we get
) vanishes and, by Lemma 1.4, so does Hom(I /I 2 , ω Y (−1)).
We will use Proposition 1.5 to obtain the main result of this section, Theorem 1.7. In order to do this we need first the following Lemma 1.6. Let Y be either P 2 or a Hirzebruch surface and let i be as in
, which fits into the exact sequence
We want to see that both Ext
To handle the vanishing of
It is clear that Ext 
Y is a Hirzebruch surface we apply Hom(−, O Y ) to (1.5.2) and get Proof. We will use Theorem 1.3, so we check now that its hypotheses are satisfied. Condition (1) holds because the surface Y is regular. Condition (2) of Theorem 1.3 is h 1 (O Y (1)) = 0 and this has been already observed in the proof of Lemma 1.6. Condition (3) follows from the fact that p g (Y ) = 0. To check Condition (4) observe that, since X is smooth, so is its branch locus, which is a divisor in |ω 
Non existence of canonical ropes
The deformation of morphisms is related to the appearance or non appearance of multiple structures embedded in projective space. In this section we apply Proposition 1.5 to prove the non existence of "canonical, embedded ropes" on i(Y ), i.e., multiple structures on i(Y ) with conormal bundle E , when Y, i, ϕ and E are as in 1.1 and, in addition, ϕ is a canonical morphism and Y is either a Hirzebruch surface or P 2 . For that we need the following lemma on the structure of E :
Lemma 2.1. Let X be a variety of general type with ample and base-point-free canonical divisor and let ϕ be the canonical morphism of X. Assume
Then the trace zero module of π splits as
where E ′ is a rank (n − 2) locally free sheaf.
Proof. Our hypothesis says that ω X = π * O Y (1) and
On the other hand, relative duality for π yields
From (2.1.3) and (2.1.5) we get a sequence
where E ′ is a rank (n − 2) locally free sheaf on Y . Besides, both middle exact sequences split, and so the top horizontal and the right-hand vertical exact sequences also split. Now, from the splitting of the right hand side vertical sequence we get
The next corollary shows that there are no canonical double structures on either P 2 or a Hirzebruch surface. This result contrasts with the results of [GP97] where the existence of double structures on smooth rational normal scrolls having the same invariants of smooth K3 surfaces is shown. 
The last summand in (2.2.1) is 0 by Proposition 1.5, so we get (1). Parts (2) and (3) follow from [Gon06, Proposition 2.1].
Consequences for geography and moduli
In this section we compute the invariants of the surfaces of general type we have constructed in Section 1, thus finding the region of the geography of surfaces of general type they reside in. In addition, we compute the dimension of the moduli components parametrizing our surfaces. Finally we show two examples of moduli spaces having components of different nature: components parametrizing canonically embedded surfaces and components parametrizing surfaces whose canonical map is a finite morphism of degree 2.
Proposition 3.1. Let Y = P 2 embedded by |O P 2 (d)| and let X be a canonical double cover of Y as the ones appearing in Theorem 1.7. Then the surface X has the following invariants: 
Proof. Since ϕ is a canonical cover, p g is the dimension of H 0 (O Y (aC 0 + bf )), which is well-known. By the construction of X, h c 2 = 2ab − a 2 e 4ab − 2a 2 e + 6a − 3ae + 6b + 12 = a(2b − ae) 2a(2b − ae) + 6a + 3b + 3(b − ae) + 12 .
The very ampleness of O Y (aC 0 + bf ) implies b − ae ≥ 1, so 6a + 3b + 3(b − ae) + 12 > 0 and the claim is also clear in this case.
Remark 3.4. We now present the information given in Proposition 3.2 more graphically, by displaying on a plane the pairs (x, y) = (χ, c 2 1 ) of the covers of ruled surfaces appearing in Theorem 1.7. If we fix an integer a ≥ 1, then the points (x, y) corresponding to the covers of ruled surfaces appearing in Theorem 1.7 are points (with integer coordinates) lying on the line l a passing through the point (a + 2, 0) with slope 4a a+1 , i.e., the line of equation
More precisely, for each a ≥ 1, the invariants form an unbounded set consisting of all the integer points on the semiline of l a including and up and to the right of the point (2a + 3, 4a). Note that each two distinct lines l a and l a ′ described above meet at the point with x = aa ′ + a + a ′ + 2. Note also that l 1 is obviously the Noether's line y − 2x + 6 = 0; the reason for this is that if a = 1, Y is embedded as a surface of minimal degree. Note also that the limiting points of the semilines described above lie on Noether's line y − 2x + 6 = 0 (as should be, since in this case the limiting point (2a+3, 4a) is obtained when considering canonical double covers of F 0 embedded by |aC 0 +f |, which are surfaces of minimal degree). Note that as a goes to infinity, the slopes of the lines l a approaches 4. This means that Chern ratio Figure 2. Solid lines, from less steep to more steep, are l 1 (which is also Noether's line) to l 6 ; the dashed line is Castelnuovo's line.
Next we remark that the surfaces constructed in Theorem 1.7 are not only regular, but also simply connected:
Remark 3.5. 
Proof. Part (a) of Theorem 1.7 implies that the base of the formal semiuniversal deformation space of X is smooth, so in particular [X] belongs to a unique irreducible component of the moduli. Note that [GGP10, Lemma 4.4] holds also under our hypothesis. Then (3.6.1)
Thus, we will compute now the dimensions of the cohomology groups that appear in (3.6.1). First recall that in the proof of Proposition 1.5 we obtained Ext 1, 1 ) and F is a fiber over P 1 ). On the other hand, canonical double covers X of F 1
